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Abstract— A procedure for analysing a class of transient elastodynamic crack problems is presented.
These problems model certain experimental situations which can be used to infer fracture toughness
values for materials under stress-wave loadings. In particular, the present analysis provides exact
expressions for the elastodynamic stress intensity factor at the tip of a long external crack in a strip-
like body whose lateral (upper and lower) boundaries are parallel to the crack line. Plane stress/strain
conditions are assumed to prevail. In this class of problems, the crack may be situated asymmetrically
with respect to the mid-strip line, and various dynamic loadings are considered, including crack face
tractions and lateral face displacements. The loadings considered will have an arbitrary time
dependence, but will be spatially uniform. The problem analysis is based on integral transforms and
an asymptotic usage of the Wiener—Hopf technique. Two useful cases are considered in detail as
examples ; the symmetrically cracked strip with traction-free lateral boundaries under sudden crack
face pressure, and the symmetrically cracked strip with suddenly displaced shear-free lateral
boundaries.

1. INTRODUCTION

The present study lies within the framework of elastodynamic fracture mechanics and, in
particular, is concerned with a class of model problems for stress-wave diffraction by
stationary cracks. In this class, a typical plane stress/strain situation invoives a planar crack
in a nominally elastic body under the action of dynamically applied loads on the boundary
or the crack faces. When a wave disturbance reaches the crack edge, a non-uniform scattered
field radiates out behind longitudinal and shear wavefronts. Here, the constitutive equations
and the equations of motion lead to hyperbolic governing equations, so that transient wave
fields are anticipated. Such fields, of course, differ markedly from corresponding equilibrium
(static) fields. An elastodynamic analysis usually aims at determining the crack tip stress
intensity factor as a function of time and loading/geometry/material parameters. This
information may, in turn, be utilized to quantify the material resistance to the onset of
brittle fracture in dynamically loaded structures.

Some basic theoretical and analytical discussions pertinent to the above situations
have been summarized by Achenbach (1971), Achenbach and Brock (1975), Brock (1975),
Chen and Sih (1977), Atkinson (1977, 1986) and Freund (1990). Even more recent develop-
ments include work by Kundu and Mal (1981), Brock (1982, 1985, 1992, 1993), Keer et al.
(1984), Kundu (1986), Freund (1987), Jiang and Knowles (1989), Georgiadis (1993),
Georgiadis et al. (1991), Librescu and Shalev (1992) and Georgiadis and Brock (1993),
among others. Experimental studies concerning cracks in a stress-wave environment also
exist, e.g. Ravi-Chandar and Knauss (1982, 1984), Sukere and Sharpe (1983), Homma
et al. (1983), Theocaris and Georgiadis (1983, 1984), Zehnder and Rosakis (1990) and
Rossmanith and Knasmillner (1991).
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The aforementioned theoretical studies are, indeed, greatly motivated by experimental
evidence suggesting that the stress intensity factor (SIF) may provide a one-parameter
representation of the load level near the edge of a dynamically loaded crack. The usual
Irwin criterion [see e.g. [rwin (1960), Barenblatt (1962), Freund (1990)] may then be applied
to the study of fracture initiation under stress-wave loading. That is, crack growth will
commence if the dynamic SIF reaches a certain value (dynamic fracture toughness). This
postulate does not, of course, imply that the dynamic fracture toughness is independent of
loading rate, or that dynamic effects do not influence the fracture resistance in other ways.
However, these issues must be resolved mainly through experiment.

Therefore, the elastodynamic analysis of certain crack configurations used for fracture
toughness determination is of definite practical importance. Specifically, an analysis of
fracture specimens can provide a theoretical expression for the SIF, which, in light of
pertinent experimental measurements, can yield the material dynamic fracture toughness.

A fracture specimen which is particularly convenient for dynamic studies of the afore-
mentioned type is a cracked strip (Fig. 1), i.e. a slab of material of width (b+ d) containing
a long crack extending parallel to the strip lateral faces. In the general case, the crack line
is not equidistant from the strip faces. A plane stress/strain mathematical idealization of
this problem treats a domain — o0 < x < 00, —d <y < b, with a crack existing along
— o0 < x < 0, y=0. This is the configuration that is to be considered here. The crack is
loaded dynamically either by tractions applied directly to its faces or by an incident pulse
created on the lateral boundary (boundaries) through some impact process. By super-
position (due to the assumed linearity of governing equations) these two loading processes
are equivalent so we shall deal only with crack face tractions, as they are especially amenable
to the chosen solution scheme. The tractions may have an arbitrary time variation but are
uniform in the spatial variable x. The solution scheme is based on integral transform analysis
and an asymptotic use of the Wiener—Hopf (W-H) technique. Specifically, the transformed
singular term of the crack tip stress field is found to depend only on expressions for the
split W-H kernel valid for very small and very large values of the two-sided Laplace
transform variable. Thus, an asymptotic kernel splitting is easily obtained, and inversions
of the one- and two-sided Laplace transform follow without much difficulty.

The procedure is demonstrated by considering in detail the particular case of a sym-
metrical strip with traction-free lateral boundaries and crack face impact loading. In a
subsequent section, a situation involving displacement controlled conditions will be
presented, namely the symmetrical strip with shear-free suddenly displaced lateral bound-
aries. Finally, some generalizations of the procedure will briefly be discussed.

In concluding this Introduction some closely related works involving elastodynamics
of cracked strips should be noted. Nilsson (1972) studied the steady-state propagation of a
semi-infinite crack in a strip-like body. Nilsson (1975) also gave the solution of the anti-
plane shear analogue of the present plane stress/strain problem, whereas Nilsson (1973)
studied a transient plane stress/strain configuration by a path independent integral
approach. The latter work is of particular interest here since it involved an alternate but
less general solution approach. Similar steady-state or transient problems were also treated
by Atkinson (1975, 1977), Popelar and Atkinson (1980), Georgiadis and Theocaris (1985),
Georgiadis (1986), Freund (1990) and Marder (1991). It should be mentioned that these
solutions for cracked strips also involve spatially uniform loading. A solution to such a
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Fig. 1. A cracked strip of elastic material under uniform stress-wave loading.
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problem which deals with non-uniform loading has, in fact, been obtained by Georgiadis
and Brock (1993) by means of a novel function—-theoretic technique.

2. GOVERNING EQUATIONS AND INTEGRAL TRANSFORMS

The material response assumed in the present analysis is linear elastodynamic. Also,
two-dimensional bodies under in-plane loadings are considered and thus a plane stress/
strain formulation is relevant. Therefore, with respect to an (x,y) Cartesian coordinate
system, the governing equations for such states are written as

" =g—‘£+%ﬁ— (1a)

, =g_f—% (1b)

o, = AVZ(p+2u<ZZT(f + i:lgy (2a)
o, = AV2g0+2u<%2y—(2p -~ 6(12gy) (2b)
Ty = ,u<2 £;gy — % + gf)%) (20)
Vz(p=af%2t?(p, Vzlp:a%%, (3a,b)

where (u,,u,) and (o,,0,,1,,) are the components of the displacement vector and stress
tensor, ¢ and ¥ are the Lamé potentials, A and u are the Lamé constants of the material,
a, = 1/¢, and ar = 1/cr are the longitudinal (dilatational) and transverse (shear) wave
slownesses, ¢, and ¢y are elastic wave velocities defined in terms of the material constants and
the mass density, p, and V2 = (6%/0x?)+ (6?/0y*). All field quantities above are functions of
the spatial variables x, y and the time variable .

For convenience in the subsequent analysis, the x and ¢ dependence in the governing
equations and the boundary/initial conditions are suppressed through use of one- and two-
sided Laplace transforms. The transforms and their corresponding inversion operations are

Fx,py,5) = J F(x,y,t)e *"d¢ (4a)
0
K f) —-L F Ye'd 4b
Xt =5 . x,y,5) e ds (4b)
and

F*(p,y,5) = _[ F(x,y,s)e™""dx (5a)
F(x,y,s) = 2i f F*(p,y,s)e? dp, (5b)

i Jg,

where Br denotes the Bromwich path in pertinent complex planes.
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Application of the transforms (4a) and (5a) successively to eqns (1)—(3),. gives the
double transformed field quantities and equations

7y %
at = 6Pt + (62)
do* -~
sk _ *
7 =g, ~ G (6b)
d?p* dy*
a¥ = (A4+2u)(sp)*@* + 4 (p, +2u(sp)—¢* (7a)
dy? dy
d?p* dy*
& = Asp)20* + (+2) — —2u(SP)—‘L (7b)
dyz d}'
d(ﬁ* _ dzl/',*}

7% = u| 2sp) —— — (sp)*y* + 7c
. u[ (sp) dy )Y e (7¢)
d>p* d2y* -
dy* dy’

where all transformed quantities are functions of (p, v, s), and

172

yo=sa —p*)'t. yr =s(at—pH)'". (9a, b)

The behavior of the functions y; (j = L, T) in the cut p-plane is shown in Fig. 2.
The ordinary differential eqns (82, b) give the solutions

P* =Dy (s.p) e +Dy(s,p) e’ (10a)

y* =¥ (s.p) & +¥,y(s,p) 77, (10b)

where @,, ®,, ¥, and WV, are arbitrary functions. These solutions, along with eqns (6) and
(7), will be utilized in subsequent analysis.

3. STRIP UNDER CRACK FACE IMPACT LOADING

3.1. Problem statement

Consider an elastic body in the form of an infinitely long strip occupying the region
(—00 < x < 00, —b < y < b) and containing a stationary semi-infinite crack situated along
the plane (— o0 < x < 0, y = 0). The material is stress-free and at rest everywhere for ¢t < 0.

iIm(p)
4
+|le
il ity
'ihj| -3 0 g +i|Yj| Re(p)
+|YJ'|

Fig. 2. The cut complex p-plane for the functions y, (j = L, T).
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At ¢t = 0, the crack faces are subjected to a suddenly applied, spatially uniform pressure of
magnitude ¢,. Thus, the crack face traction behaves as a step function of time. This type
of loading can, in fact, be obtained experimentally by an electromagnetic device (Ravi-
Chandar and Knauss, 1984), but there are also other means to obtain it {Georgiadis, 1985).
Moreover, the SIF for more general time dependence of loading can be obtained from the
present solution by convolution.

Because of symmetry with respect to the plane y = 0, the problem can be viewed as a
half-strip problem with the material occupying the region (—ow <x < 0, 0 <y < b).
Then, the associated initial/boundary value problem must satisfy the following conditions.

3.1.1. Boundary and initial conditions.

6,(x,b,) =0 for —o0<x< o0, (11a)
Ty (x,0,0) =0 for —o<x<o (11b)
6,(x,0,) = —oH(t) for -0 <x<0 (lic)
T(%,0,0) =0 for —w0<x<wo (11d)
u,(x,0,8) =0 for 0<x< o (11e)
@(x,,0) = 0p(x,,0)/0t = Y (x, y,0) = dY(x,y,0)/ot = 0, (11f)

where H(®) is the Heaviside step function.

3.1.2. Edge conditions.

0,(x,0,8) = o(1/x) for x-—-0* (12a)
u,(x,0,0) =0(1) for x—-0", (12b)

which guarantee that the near tip stress and displacement fields will not be so singular as to
correspond to sources of radiated energy. Furthermore, on the basis of fracture mechanics
considerations or by exact asymptotic analysis [see ¢.g. Barenblatt (1962), Karp and Karal
(1962), Barber (1992), Georgiadis and Barber (1993)], it can be shown that
6,(x,0,8) ~ x~ ' for x—» 0%, and u,(x,0,7) ~ x'/? for x —0~. However, eqns (12a,b)
are still sufficient conditions for applying Liouville’s theorem in subsequent steps of our
analysis.

3.1.3. Finiteness conditions at remote regions.

16,(x,0,5)| < Aexp(—pex) for x— +o0 (13a)
|2,(x,0,5)] <B for x— —o0, (13b)

where 4, B and p; are positive constants. These equations guarantee that the diffraction
field at infinity consists of outgoing waves only. More specifically, eqn (13a) is a direct
consequence of the asymptotic behavior of the Laplace transformed solution of the wave
egns (3), whereas eqn (13b) expresses the fact that the field is actually uniform for large
negative x.

The objective here is the exact determination of the stress field near to the crack tip
for the problem defined by eqns (1)-(3) and (11)~(13). We note, in passing, that the
corresponding crack problem in the absence of boundaries, i.e. the impact loading of a
semi-infinite crack in an unbounded solid, is a classical diffraction problem considered by
de Hoop (1958) and also presented in well-known texts, e.g. Achenbach (1973) and Freund
(1990).
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3.2. Analysis

It is seen from the problem statement that the functions ¢,(x,0, ) and u,(x,0, 1) are
unknown in the intervals x > 0 and x < 0, respectively. Let us define half-line transforms
of their one-sided Laplace transforms

Xt (p,s) = '[ 8,(x,0,5)e”"dx for —I—JSE < Re(p) (14a)
0
8,(x,0,5) = ﬁf T*(p,5)e?*dp for 0<x <o (14b)
Br;
U (p,s) = r #,(x,0,5)e™"*dx for Re(p) <0 (15a)
#,(x,0,5) = ﬁj U (p,s)e?dp for —o0o<x<0, (15b)
Br,

where, in light of conditions (13), £*(p,s) and U (p,s) are analytic functions in the
indicated half-planes. These as yet unknown functions are to be determined by the W-H
method. The definitions (14) and (15), in conjunction with the transformed boundary
conditions (11c,e), yield

83(p,0,5) = Z*(p,5)+ s"—p (16)

#y(p,0,s) = U™ (p,s). (17)
Then applying eqns (4a) and (5a) to the boundary conditions (11) in light of eqns (6), (7),

(10), (16) and (17), and eliminating the functions ®,, ®,, ¥, and ¥, from the resulting
system of five equations produces the following W--H equation

Oy U

Z¥(p, )+ — = K(p,s): U (p,s). 18
(»,9) 2 2ans)? (,9) U (p,s) (18)
Here the kernel function X is given by
N
k=7, (19)

where

N(p,s) = 16(sp)*yLrr(y2—(sp)*)* +8(sp) *yLyr e

*[4(sp)*yLyr sinh (yLb) — (y1 — (sp)*)* cosh (y.b)]

—[46p)’yiyr + 63— (sp)*) ) e

*[4(sp)*yL7x cosh (yrb) + (v3 — (sp)*)* sinh (y1b)]

+[46sp)*yLyr — (G — (sp)*) ) e’

*[4(sp)*yL v cosh (yrb) — (7 — (sp)*)” sinh (yrb)] (202)
D(p, s) = yL{4(sp)*yLyr sinh (y.b) - cosh (y1b)

+ (72— (sp)*)* cosh (y.b) * sinh (yrb)]. (20b)
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In view of eqns (14a) and (15a), it is noted that eqn (18) holds over a common region of
analyticity defined by the strip — (pz/s) < Re(p) <0.

The single eqn (18) can be made to yield equations for both X*(p,s) and U~ (p,s)
through a decoupling procedure. The first step in that procedure is a factorization of the
kernel in the form

K(p,s) = K*(p,s) K~ (p.s), (21

where K*(p, s) and K~ (p, s) are non-zero and analytic in a right and left half-plane, respec-
tively. Moreover, these two half-planes should overlap. As is well known [see e.g. Noble
(1958)], such a factorization can be accomplished by using either the Cauchy theorem or
infinite product forms. At present, however, neither approach has yielded results for the
very complicated kernel considered here. Fortunately, as will be seen later, an asymptotic
approach that requires only the kernel’s forms for p — 0 and p — oo can be applied, so that
exact asymptotic expressions for the cleavage stress ¢,(x, 0, #) for x — 0" can be obtained.

Assuming now for the moment that the kernel factorization (21) has been obtained, a
rearrangement in eqn (18) gives

Z*(p,s) oo u ) i
- K=(p.5)- U™(p.5). 2
Kps) 70 K o) da . DT (22)

The sum-splitting of the second term in the left hand side of eqn (22) required to complete
the decoupling process can now be obtained by inspection as

=——=G*(p, G (p,s), 2
Gps) =t =G .9+ G (1) 23)
where
o 1 1
G*(p,s) = =~ - 24
9=, [K*(p,s) K*(o,s)} )
G- (p9) =2 — (24b)

s’p K*(0,5)

and G*(p, s) is an analytic function in the same righs half-plane with that where K*(p, 5) is
defined, while G~(p, s) is an analytic function in the /eft half-plane Re (p) < 0. Equations
(22) and (23), when combined, allow the final rearrangement of the W—H relation

z+ u
—+Gt=———K U —-G = J(p,s). (25)
K+ 2(ars)?

The above equation holds in a certain strip of analyticity of the complex p-plane. However,
the first part of eqn (25) is defined and is analytic in a certain right half-plane, whereas the
second part is defined and is analytic in a certain left half-plane. Because the half-planes
overlap in the strip, J(p, s) is, by analytic continuation, defined and analytic over the whole
p-plane. In order to determine J(p, 5) it is necessary to establish order relations for large p
and then apply the Liouville theorem. By use of the Abel/Tauber theorems (van der Pol
and Bremmer, 1950) and use of the asymptotic behavior for ,(x, 0, £), x > 0% and u,(x, 0, #),
x — 07 noted earlier, we easily find the asymptotic results: Z* ~ p~'2 and U~ ~ p~> for
large p. Moreover, it can also be shown that

SAS 31:19-8
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Il;i_l’l(} K(p,s) = —2(a%/a,)s’ tanh (a, bs) (26)

lim K(p, s) = i4(ai —at)s’p, @27

where p is taken along the pertinent Bromwich path. Then, on rewriting eqn (27) in the
form

K(w0,5) = 4(at —a2)s* (e —p»)'* with ¢-0, 2%

the asymptotic kernel factorization follows easily as

K*(w0,5) = [4(a} —a7)s’p]'? (2%a)
K™ (00,5) = [4(af —a7)s* (—p)]'. (29b)

Likewise, we also find
K*(0,5) = K= (0,5) = [—2(a}/ay)s’ tanh (a. bs)]'/>. (30)

All this asymptotic behavior of the functions appearing in egn (25), implies that
J(p,s) = o(1) as p — o0 and by Liouville’s theorem, therefore, J(p,s) = 0. This result, in
conjunction with eqn (25), leads to the relation

Oy K*(00,5)

) 31
s’p K*(0,s) Gl

fim 2% (p.5) =

where we have omitted a term whose inversion gives non-singular stress at the crack tip in
the physical plane.

Clearly, the key observation which led to this useful asymptotic result was that the
full kernel form given by eqns (19) and (20) could be replaced by the easily factorized
form (27).

3.3. Asymptotic results

In view of the Abel/Tauber theorem (van der Pol and Bremmer, 1950; Noble,
1958) which relates asymptotically functions and their transforms, the singular part of
the cleavage stress, lim,_o+ 6,(x,0,?), can be calculated from the large p expression,
lim, ., Z*(p, s). To this end, eqns (29a) and (30) are used to rewrite eqn (31) as

002a) 2ar (@ —ai)"* 1

lim *(p,s) = : , : (32
P (.5) s*?[tanh (@ b5)]'?  (sp)'? )
which can be inverted immediately through eqn (14b) to give
~1207 2,4=2002 _ a2\H2 1
lim ,(x,0, 5) = OgTl 3(2 aL) ar (aT1 8 ai) — (33)
x=07t s / [tanh (aLbS)] / X !

In order to obtain ¢,(x,0,7) as x — 0%, it remains to obtain the inverse one-sided
Laplace transform of eqn (33). However, we observe a priori that for a small time [i.e. for
large s, where tanh (a, bs) — 1] the stress behaves like ¢'/? (which is the inverse of s7%?), a
result similar to that for the elastodynamic problem of a semi-infinite crack under impact
tractions in a body of infinite extent. After some time, however, reflections from the strip
lateral boundaries will affect the latter stress behavior. These reflections are represented by
the term [tanh (a; b5)] "2 in eqn (33). Although the s dependence in eqn (33) appears
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simple, a relevant entry is not found in inversion tables. Instead, we adopt a standard
procedure [e.g. Carrier and Pearson (1976)] and expand [tanh (4. bs)] ="/ in a converging
series and then perform the one-sided Laplace transform inversion term by term. Thus, we
first write

s—3/2[tanh (aLbs)]—l/Z = S_3/2(1+C—2”'-bs+%e_4a'~bs+%C—GaLbs-f-liGC_saLbsﬁ- . ) (34)
and note from a table [e.g. Abramowitz and Stegun (1972)]
271 (s e = @'~k PH- k), (35)

where %~ '(*) denotes the inversion operator, and k is a positive constant.
In light of these results, eqns (33), (34) and (35) give

0,(x,0,0) = (2°?/n) - goai*ar *(at —ai) " x~ '
“[1'2 + (1—2a.b) PH(t—2a.b) + 3 (t —4a b) '
*H(t—4a,b) +;(t—6a b) "*H(t—6a,b)
+-2(t—8a b)) *H(t—8a.b)+ -] as x—07, (36)
whereupon the stress intensity factor follows as

K (= lil‘(l)‘l+ [2nx)'?6,(x,0,1)]

= (4/n')ooai*ar? (at —af)' .. ]. (37

Here the expression in brackets is the same as that in eqn (36). Equation (37) is an exact
expression for the SIF as a function of time and loading/geometry/material parameters.
This formula is valid until the time of ten half-width traversals by the longitudinal wave
generated by the crack face tractions, but, of course, one can continue the series expansion
in eqn (34) and obtain the response for a longer time. Figure 3 illustrates the SIF behavior
vs time, as given by eqn (37). The longitudinal stress-wave reflections at the strip lateral
faces are clearly identified as discontinuous changes.

10.00
8.00
6.00

4.00

norm. SIF

2.00

0.00 +r v+
0.0

norm. time

Fig. 3. Stress intensity factor history for a symmerically cracked strip under sudden crack face
loading.
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3.4. Remarks

One can immediately check that the expression in eqn (37) for ¢ < 2¢, b, that is before
any stress-wave reflection arrives from the lateral strip boundaries y = +b, is identical
with the corresponding result obtained by de Hoop (1958) and Freund (1990) for the
elastodynamic problem of suddenly applied crack face loading in an urnbounded body. The
latter analysis used the Cagniard—de Hoop technique in order to accomplish the one-sided
Laplace transform inversion. In some contrast, the asymptotic approach utilized in the
present analysis bypasses the Cagniard—de Hoop technique because it can, in effect, decouple
the inversion of the two-sided Laplace transform from that of the one-sided transform, so
long as only the stress field singular behavior is of concern.

It should be noted that only longitudinal wave reflections affect the SIF here; con-
tributions by shear waves, which also propagate through the body, are absent. A simple
explanation for this would be the symmetry of the problem, which imposes a purely opening
mode (mode I) stress environment on the crack. Asymmetric situations will be discussed
later on.

Another issue which merits comment is the long time limit of eqn (37). One sees that
K (t) » o0 as t — oo, which means that no static limit exists for this problem. This conclusion
is confirmed by elastostatic results for the double cantilever beam configuration (Fichter,
1983 ; Foote and Buchwald, 1985; Georgiadis and Papadopoulos, 1990). The de Hoop
problem also, of course, has no static limit as noted by Baker (1962) and Freund (1990).
However, if a loading pulse of finite duration is considered, instead of the H(¢) dependence
in eqn (11c), a different long time behavior of the solution should be anticipated.

The SIF for a more general crack face loading of the form ¢,(x,0"., 1) = —o, (1) for
—o0 < x < 0, where f(¢) is assumed to be Laplace transformable, can be obtained for the
symmetrical strip with traction-free lateral boundaries from the following expression

200ai*(at —ai)'"? f(s)

Ki(s) =
1(s) ai s'2[tanh (ag bs)]"*

(38)

through Laplace transform inversion. The simple observation was made here that the term
(6,/5) in the previous analysis can be replaced by o, f(s), without affecting the basic solution
procedure.

4. CRACKED STRIP WITH DYNAMICALLY DISPLACED LATERAL BOUNDARIES

4.1. Problem statement

Consider again an elastic body in the form of an infinitely long strip occupying the
region (— oo < x < 0, —b < y < b) and containing a stationary semi-infinite crack situ-
ated along the plane (— o0 < x < 0,y = 0). The material is stress-free and at rest everywhere
for t < —(b/cL). At t = —(b/cL), the lateral boundaries — o0 < x < o0, y = +b are given
a time-varying, spatially uniform normal displacement +u, f(¢+b/c;), but remain shear-
free. The function f(¢) representing a general loading is assumed to be Laplace trans-
formable. The crack faces remain traction-free, so that we are tacitly assuming that no
crack closure occurs. This is true when the crack remains open always, which, in turn,
should be the case when a positive, non-decreasing u, f (£ + b/c.) is imposed. The interesting
case f(f) = H(?) will be discussed, in connection with the crack face displacement, after
obtaining the general solution.

In order to facilitate the application of the W—H technique for this general problem,
an auxiliary initial/boundary value problem is considered upon which a static crack problem
should be superposed. These two problems are stated below, where the symmetry of the
original problem with respect to the plane y = 0 is also exploited. The transient problem
reads

u,(x,b,t) =0 for —c0<x<w (39a)

To(x, b,1) =0 for —ww<x<x (39b)
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0,(x,0,0) = —pcrug f'(#) for —o0 <x<0 (39¢)
T (%,0,0) =0 for —w<x<ow© (39d)
u,{x,0,0) =0 for 0<x<w (39¢)
@(x,,0) = d9(x,»,0)/0t = Y(x, y,0) = dY(x,y,0)/0t = 0, (391)

where (*)" denotes differentiation. The static problem has the following boundary con-
ditions:

ux,b) =uy f(t—bfey) for —w<x<w (40a)
To(x, ) =0 for  —co<x< @ (40b)
0,(x,0) =0 for —w<x<0, (40c)
T,(x,0) =0 for —o0 <x< o0, (40d)
u,(x,0) =0 for 0<x< 0. (40e)

Clearly, the stress pulse pc u, f'(f) appearing in eqn (39¢) arises from the dynamic
application of the uniform displacement along the lateral strip faces (Achenbach, 1973).
The conditions (39a, b) are for a smooth boundary, and it is known (Achenbach, 1973) that
a longitudinal wave will be reflected from it as a longitudinal wave of the same amplitude
and sign. By superposition, the SIF for the original problem will be the sum of the SIFs for
the problems (39) and (40). Moreover, the SIF formula for the problem (40) is a well-
known result obtained by Rice (1967)

f(t—bjc ) Euy/b'? for plane stress (4l1a)

stat __

F(t—bJcL)Euy/(1—v?)b'"?  for plane strain, (41b)

where E is the Young’s modulus and v is the Poisson’s ratio.
Next, the solution to problem (39) will be briefly presented. Conditions (39) are also
supplied with the edge and finiteness conditions stated in eqns (12) and (13).

4.2. Brief analysis and results
By following the lines of analysis presented earlier in this paper, we can produce the
W-H equation

£ (py+ P IOy 0, )
P (ars)

where #['] denotes the direct one-sided Laplace transform operator, and the kernel is given
by

K(p,s) = (1/3)[4(sp)*yyr coth (yrb) + (v7 — (sp)*)* coth (yLb)], 43)
with the various material constants appearing in eqn (42) being defined immediately after
eqn (3).

The asymptotic forms of the kernel in eqn (43) are obtained as

lim K(p, 5) = (atr/ar)s’ coth (a bs) 44

}Lrg K(p,s) = i2(a} —al)s’p, (45)
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where p is taken along the pertinent Bromwich path. The above expressions enable the
asymptotic kernel factorization as

K*(00,5) = [2(at —ai)s’p}'? (46)
K*(0,5) = [(at/a,)s® coth (a bs)]'2. @7
Finally, the large p expression for the double transformed o,(x, 0, £) stress is found to be

peLue L Lf (] K* (0, 5)

lim X*(p,s) =
A 27 (P) sp K*(0,5)
_peo L1 (0] 2aL) Par (@i —af)'? | 48)
s'?[coth (a bs)]'* (sp)'?’
which is readily inverted through eqn (14b) as
/ 12 ,=2¢,2 _ 241/2

lim 4,(x,0,s) = peg LS (D1(2aL) “ar *(ar —ai) L 49)
x=0* (ms)'*[coth (ay bs)]'/? x'?

Also, the one-sided Laplace transformed stress intensity factor then follows from eqn (49)
as

Ri(5) = lim [27x)"%0,(x,0,5)]

_ 2pcue L LS (D) a%ar *(ai —ap)'”

50
s'?[coth (a bs)]'"? (50}
Next, upon expanding the term [coth (a.bs)]~'/? in a converging series
[Coth (aLbs)]—l/Z =1 _e—ZaLb: +% e—4aLb.\'_% e—GaLb:+ 16_6 e—SaLb.\'_ . (51)

the one-sided Laplace transform inversion of K;(s) is greatly facilitated, as explained earlier
for the case of a strip under crack face impact loading and traction-free lateral boundaries.

As an example, the SIF for the auxiliary problem in the case of impact displacement
loading, i.e. f(f) = H(¢), can easily be obtained by using eqns (50), (51) and a Laplace
transform table as

Ki(0) = Q/n'"*)pcLugai*ar? (@i —at)'?

I:_l__ H(t—2a.b) 1 H(t—4a.b)

1M (1=2a6)'? 2 (1—4a b)'?

1 H(t—6a,b) +£ H(—8a,b) :l (52)
2 (t—6a b)'’? 16 (1—8a b)'?
whereupon the SIF for the original problem is
K™ = K3 + Ki(2), (53)

where K is provided by eqn (41) with f(¢—b/c) = H(¢—b/c,). Some observations on
the partial solution (52) are then worthy of note. First, we see that K;(t) > oo as 1t >0,
which is a consequence of crack face loading by a pulse containing the Dirac delta function
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of time. We also note that Ki(f) —» 0 as ¢ — oo, so that, appropriately, K;"8(f) - Ki™ as
t — 0. It can also be shown that K;(r) periodically takes on negative values, thus implying
crack closure. We have, of course, excluded crack face contact in formulating the
mathematical problem, but one should keep in mind that the mathematical crack considered
here is merely an idealization of the narrow slit of finite thickness normally found in
experimental situations involving pre-cracked specimens. Therefore, it is reasonable to
assume that no contact actually takes place. Indeed, it has been found that usual stress-
wave amplitudes of 0(10 MPa) produce crack face displacements of 0(10~° m) [see e.g. the
experimental results by Sukere and Sharpe (1983)]. Moreover, Brock (1982) did calculations
for point-force loading of a semi-infinite crack in an unbounded solid and found crack
surface displacements of 0(10~° m). Brock et al. (1985) and DeGiorgi and Brock (1990)
also found that the mathematical crack idealization worked well in representing dynamic
crack response under impact even when crack closure occurred.

5. GENERALIZATIONS AND CONCLUDING REMARKS

The asymptotic approach introduced here to solve two problems of symmetrical
cracked strips can be generalized to nonsymmerrical situations. As an illustration, the
asymmetrically cracked strip shown in Fig. 1 is considered. The material is stress-free and
at rest everywhere for ¢ < 0. At ¢ = 0, the crack faces are subjected to a dynamically applied,
spatially uniform pressure of magnitude of o, f(#). The lateral strip faces remain always
traction-free. The boundary conditions therefore take the form

0,(x,0,0) = 1,(x,0,0) =0 for —0<x<w (54a)
o,(x,—d,t) =1,(x,—d, ) =0 for —0<x<® (54b)

o,(x,+0,8) = —oo f(OH(—x) + (1/27i) J

B

[:(s/2ni) f % (p,s)e?* dp] e’ ds
T Br,
for —w<x<ow (54¢)

T,(x, £0,0) = (1/2ni)f

B

[(s/Zm')j T*(p,s)e?" dp] efds for —ww<x<oo (544d)
r Br,

w,(x, +0,0)~u,(x, ~0,1) = (1/271:1')‘[ [(s/27ri)J [Uep(p,5)— Uy (p, 5)] € dpJ e’ ds

B

for —wo<x< (54e)

[(S/hi)J Vi (2:8) = Vio (p,9)] € dp | " ds

u(x, +0,6)—u.(x, —0,1) = (1/2ni)J

B
for —w<x<w (54f)

@(x,7,0) = 09(x,y,0)/0t = Y (x,y,0) = Ay (x,,0)/0t = 0, (34g)

where Z*(p,s) is the double transform of the as yet unknown normal stress along
0 < x < 0, and Uy (p,s) and Uy (p,s) are the double transformed normal displacements
along — o0 < x < 0, also unknown, of the upper (+0) and lower (—0) crack face, respec-
tively. The function X7 (p, 5s) has already been defined in eqn (14), whereas the functions
U (p,5) and Uy, (p, s) can be identified with U~ (p, s) in eqn (15). Similarly, T*(p, s) is the
double transformed shear stress along 0 < x < o0, and Vi, (p, s) and V; (p, s) are the double
transformed tangential displacements along — oo < x < 0 of the upper (40) and lower
(—0) crack face, respectively. These are also unknown functions and are defined according
to eqns (14) and (15). All the transformed functions in eqn (54) are analytic in pertinent
half-planes of the complex p-plane. Finally, it is noted that conditions (54¢,f) express
continuity of the displacement along 0 < x < oo, whereas in writing eqn (54d) it is assumed
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that no shear loading is applied to the crack surfaces (however, such a loading can easily
be introduced in the present formulation).

By now transforming eqn (54) with the operations (4a) and (5a), and inserting eqns
(6), (7) and (10), a system of eight equations results containing as unknowns the functions
O, 0, ¥, ¥,, T*. V,, Vio, Z, Uy, and U, . Elimination of the first seven functions
produces a W-H equation of the form

Z+

a0 (s) _ - -
+T" K(Uup~Ulo)~ (55)

where the kernel K(p, s) will contain (g, y., yr, b, d). Despite the anticipated complications
in the form of K| one can, in principle, follow the asymptotic approach described previously
and determine the near tip stress field. The shear stress 7,,(x = 07,0, f) can be found in the
same way by formulating a W-H equation containing 7" and (V,, — V).

At this point we close this paper by observing, in summary, that an exact elastodynamic
analysis for a class of fracture mechanics problems was performed. This analysis was based
on integral transform theory, and relied on an asymptotic version of the Wiener—~Hopf
technique. The problems class considered was specifically chosen to model certain fracture
mechanics specimens which are often utilized to obtain material fracture toughness under
stress-wave loadings. 1t is hoped that the present analysis will prove to be useful in this
connection.

Acknowledgement—This research was supported in part by NSF Grant MSM 8917944 to L. M. Brock, and by
NATO CRG 931330 to L. M. Brock and H. G. Georgiadis.

REFERENCES

Abramowitz, M. and Stegun, 1. A. (1972). Handbook of Mathematical Functions. Dover, NY.

Achenbach, J. D. (1971). In Mechanics Today (Edited by S. Nemat-Nasser), Vol. 1, pp. 1-57. Pergamon Press,
Oxford.

Achenbach, J. D. (1973). Wave Propagation in Elastic Solids. North-Holland, NY.

Achenbach, J. D. and Brock, L. M. (1975). In Dynamic Crack Propagation (Edited by G. C. Sih), pp. 529-541.
Noordhoff, Leyden.

Atkinson, C. (1975). A note on some crack problems in a variable modulus strip. Arch. Mech. 27, 639-647.

Atkinson, C. (1977). In Elastodynamic Crack Problems (Edited by G. C. Sih), pp. 213-248. Noordhoff, Leyden.

Atkinson, C. (1986). In Applied Mechanics Update (Edited by C. R. Stecle and G. S. Springer), pp. 321-339.
ASME, NY.

Baker, B. R. (1962). Dynamic stresses created by a moving crack. J. Appl. Mech. 29, 449-458.

Barber, J. R. (1992). Elasticity. Kluwer, Amsterdam.

Barenblatt, G. 1. (1962). In Advances in Applied Mechanics, Vol. 7, pp. 55-129. Academic Press, NY.

Brock, L. M. (1975). The stresses and strain energy density near a crack edge due to P- and SV-wave diffraction.
In Developments in Mechanics (Edited by C. W. Bert ef al.), Vol. 8, pp. 125-139.

Brock. L. M. (1982). Shear and normal impact loadings on one face of a narrow slit. Int. J. Solids Structures 18,
467-477.

Brock. L. M. (1985). The dynamic 2D analysis of a concentrated force near a semi-infinite crack. Q. Appl. Math.
43, 201-210.

Brock, L. M. (1992). Transient thermal effects in edge dislocation generation near a crack edge. Int. J. Solids
Structures 29, 2217-2234.

Brock, L. M. (1993). Early effects of temperature-dependent yield stress in a transient analysis of fracture. Acta
Mech. 97, 101-114.

Brock, L. M., Jolles, M. and Schroedl. M. (1985). Dynamic impact of a subsurface crack : application to the
dynamic tear test. ASME J. Appl. Mech. 52, 287-290.

Carrier, G. F. and Pearson, C. E. (1976). Partial Differential Equations. Academic Press, N.Y.

Chen, E. P. and Sih, G. C. (1977). In Elastodynamic Crack Problems (Edited by G. C. Sih), pp. 1-57. Noordhoff,
Leyden.

DeGiorgi, V. and Brock, L. M. (1990). Effect of first reflections in dynamic tear test. ASCE J. Engng Mech. 116,
1276-1289.

de Hoop. A. T. (1958). Representation theorems for the displacement in an elastic solid and their application to
elastodynamic diffraction theory. Doctoral Dissertation, Technical University of Delft.

Fichter, W. B. (1983). The stress intensity factor for the double cantilever beam. Int. J. Fract. 22, 133-143.

Foote, R. M. L. and Buchwald, V. T. (1985). An exact solution for the stress intensity factor for a double
cantilever beam. Int. J. Fract. 29, 125-134.

Freund, L. B. (1987). The stress intensity factor history due to three-dimensional loading of the faces of a crack.
J. Mech. Phys. Solids 35, 61-72.

Freund, L. B. (1990). Dynamic Fracture Mechanics. Cambridge University Press, Cambridge.



Analysis of some fracture specimen models involving strip geometries 2613

Georgiadis, H. G. (1985). Study of certain problems and phenomena in dynamic fracture of solids. Doctoral
Thesis, National Technical University of Athens, Greece.

Georgiadis, H. G. (1986). Complex-variable and integral-transform methods for elastodynamic solution of cracked
orthotropic strips. Engng Fract. Mech. 24, 727-735.

Georgiadis, H. G. (1993). Shear and torsional impact of cracked viscoelastic bodies—a numerical integral
equation/transform approach. Int. J. Solids Structures 30, 1891-1906.

Georgiadis, H. G. and Barber, J. R. (1993). On the super-Rayleigh/subseismic elastodynamic indentation problem.
J. Elasticity 31, 141-161.

Georgiadis, H. G. and Brock, L. M. (1993). An exact method for cracked elastic strips under concentrated loads—
time-harmonic response. Int. J. Fract. 63, 201-214.

Georgiadis, H. G. and Papadopoulos, G. A. (1990). Elastostatics of the orthotropic double-cantilever-beam
fracture specimen. J. Appl. Math. Phys. 41, 889-899.

Georgiadis, H. G. and Theocaris, P. S. (1985). On the solution of steady-state elastodynamic crack problems by
using complex variable methods. J. Appl. Math. Phys. 36, 141-165.

Georgiadis, H. G., Theocaris, P. S. and Mouskos, S. C. (1991). Plane impact of a cracked viscoelastic body. Int.
J. Engng Sci. 29, 171-177.

Homma, H., Shockey, D. A. and Murayama, Y. (1983). Response of cracks in structural materials to short pulse
loads. J. Mech. Phys. Solids 31, 261-279.

Irwin, G. R. (1960). Fracture mechanics. In Structural Mechanics (Edited by J. N. Goodier and N. J. Hoff),
pp. 557-491. Pergamon Press, N.Y.

Jiang, Q. and Knowles, J. K. (1989). On the direct determination of the near-tip stress field for the scattering of
SH-waves by a crack. Int. J. Fract. 41, 283~288.

Karp, S. N. and Karal, F. C. (1962). The elastic-field behavior in the neighborhood of a crack of arbitrary angle.
Comm. Pure Appl. Math. 15, 413421.

Keer, L. M., Lin, W. and Achenbach, J. D. (1984). Resonance effects for a crack near a free surface. ASME J.
Appl. Mech. 51, 65-70.

Kundu, T. (1986). Transient response of an interface-crack in a layered plate. ASME J. Appl. Mech. 53, 579-586.

Kundu, T. and Mal, A. K. (1981). Diffraction of elastic waves by a surface crack on a plate. ASME J. Appl.
Mech. 48, 570-576.

Librescu, L. and Shalev, D. (1992). Effect of transverse shear flexibility on the transient response of cracked
laminated composite plates to sudden bending. Int. J. Fract. 57, 151-166.

Marder, M. (1991). New dynamical equation for cracks. Physical Rev. Lett. 66(19), 24842487,

Nilsson, F. (1972). Dynamic stress-intensity factors for finite strip problems. Int. J. Fract. 8, 403-411.

Nilsson, F. (1973). A path-independent integral for transient crack problems. Int. J. Solids Structures 9, 1107-
1115.

Nilsson, F. (1975). A transient crack problem for an infinite strip under anti-plane shear. In Dynamic Crack
Propagation (Edited by G. C. Sih), pp. 543-551. Noordhoff, Leyden.

Noble, B. (1958). Methods Based on the Wiener—Hopf Technique. Pergamon Press, N.Y.

Popelar, C. H. and Atkinson, C. (1980). Dynamic crack propagation in a viscoelastic strip. J. Mech. Phys. Solids
28, 79-93.

Ravi-Chandar, K. and Knauss, W. G. (1982). Dynamic crack-tip stresses under stress wave loading—a comparison
of theory and experiment. Int. J. Fract. 20, 209-222.

Ravi-Chandar, K. and Knauss, W. G. (1984). An experimental investigation into dynamic fracture: I. Crack
initiation and arrest. Int. J. Fract. 25, 247-262.

Rice, J. R. (1967). Discussion of “‘stresses in an infinite strip containing a semi-infinite crack”. ASME J. Appl.
Mech. 34, 248-249.

Rossmanith, H. P. and Knasmillner, R. E. (1991). Photo-mechanics of surface-crack—wave interaction phenomena.
In Dynamic Failure of Materials (Edited by H. P. Rossmanith and A. J. Rosakis), pp. 151-181. Elsevier, Oxford.

Sukere, A. A. and Sharpe, W. N. (1983). Transient response of a central crack to a tensile pulse. Exp! Mech. 19,
89-98.

Theocaris, P. S. and Georgiadis, H. G. (1983). Dynamic interaction of a propagating crack with an oblique fault.
Int. J. Soil Dynamics Earthquake Engng 2, 161-170.

Theocaris, P. S. and Georgiadis, H. G. (1984). Emission of stress waves during fracture. J. Sound Vibr. 92, 517
528.

van der Pol, B. and Bremmer, H. (1950). Operational Calculus Based on the Two-Sided Laplace Integral. Cambridge
University Press, Cambridge.

Zehnder, A. T. and Rosakis, A. J. (1990). Dynamic fracture initiation and propagation in 4340 steel under impact
loading. Int. J. Fract. 43, 271-282.



